Deformations of homeotropically aligned flexoelectric nematic layers induced by dc electric fields
Introduction
Nematic liquid crystals are composed of elongated mole− cules which tend to align statistically along a preferred direction called the director n. The molecules in general have a permanent dipole moment which contributes to the dielectric anisotropy of the nematic. The asymmetric shape of the polar molecules gives rise to another important prop− erty of the nematic called flexoelectricity. Namely, the splay and bend deformations of the director field bring about a polarisation of a nematic sample which is called the direct flexoelectric effect. The influence of external electric field on the nematic samples is determined by joined effects of dielectric anisotropy and flexoelectricity. In particular, the deformation resulting from the interaction between the flexoelectric polarisation and an applied electric field is known as the converse flexoelectric effect. In each case, the coupling of the flexoelectric polarisation with the field is linear. Flexoelectric properties are described by two flexo− electric coefficients, e 11 and e 33 , associated with the splay and bend deformations, respectively. They determine the relationship between the deformation of the nematic and the electric polarisation, P n n n n = Ñ× -´Ñé e 11 33 ( ) ( ) [1] . Several methods for measurement of the flexoelectric coef− ficients have been proposed (e.g., Refs. 2-5, see Ref. 6 for review). Their magnitude is of the order of 10 -12 -10 -11 C/m. Flexoelectric properties are important for the interpre− tation of experimental results concerning the nematic layers subjected to electric fields [2, 3, 7] . The flexoelectric effect has attracted a great deal of attention because a range of liq− uid crystal opto−electronic devices based on the flexoelec− tric effect offering bistability and short switching times was proposed [8] [9] [10] [11] . Therefore, the studies that yield us knowl− edge of the properties and behaviour of the flexoelectric nematic layers are of importance since they are basic in searching for potential applications.
In our previous papers, we analysed the elastic deforma− tions of symmetrical nematic layers occurring under the action of external dc electric field [12] [13] [14] [15] [16] [17] . The flexoelectric properties and the presence of ions were taken into account. We also showed that the optical properties of nematic layers deformed by electric field can be used to detect the flexo− electric properties of nematic materials [18] . Our present paper is devoted to studies of such deformations appearing in asymmetrical homeotropic nematic layers. The asymme− try of the layers was due to different boundary conditions achieved by different anchoring energies on the two bound− ary plates. Nematic materials were characterised by the neg− ative dielectric anisotropy De and by the positive or negative sum of flexoelectric coefficients, e = e 11 + e 33 . The individ− ual values of e 11 and e 33 are not relevant within the geometry involved [19] . Low, moderate and high ion concentrations were taken into account. Mobility of cations was assumed to be one order of magnitude lower than that of anions. Quasi− −blocking electrode contacts were assumed. The computa− tions were performed by the use of a method described in the previous works [12] [13] [14] [15] [16] [17] [18] . The electric properties of the layer were described in terms of a weak electrolyte model. The experiments which usually are used for measurements of the threshold voltages for deformations were simulated numerically. The threshold voltages were calculated for var− ious ion content and various flexoelectric parameters e. The main result is that the threshold voltage depends on the ori− entation of the layer with respect to the bias voltage. Equiv− alently, the threshold depends on the polarity of the voltage. The same concerns the phase difference F between the ordi− nary and extraordinary rays passing through a layer placed between crossed polarisers which becomes different from zero when the homeotropic layer is distorted. Namely, the two F(u) functions, where u = U/U threshold , determined for the two orientations of the layer are different. The latter dif− ference can be used to detect the flexoelectric properties of nematics. For this purpose, the two F(u) functions obtained from measuring light intensity should be determined. If they differ, then one can conclude that the nematic possesses flexoelectric properties. This approach seems to be more convenient and more accurate than the method proposed in our previous paper [18] .
The paper is organised as follows. In the next section, we present the geometry and parameters of the flexoelectric nematic layers used in the simulated experiments. Section 3 provides details of the simulations. In Sect. 4, the results of the simulations are presented. Finally, the results of the study and the applicability of the method proposed are discussed in Sect. 5.
Geometry and parameters
The layer of thickness d = 20 μm held between two infinite plates parallel to the xy plane of the Cartesian coordinate system was simulated. The boundary plates, acting as elec− trodes, were positioned at z d = ± 2. Homeotropic align− ment was assumed. The director n was parallel to the xz plane and its orientation was described by the angle q(z), measured between n and the z axis. The anchoring strength on the lower boundary plate,
. The arising and development of deformation in such an asymmetric layer depends on the polarity of the applied voltage. Obviously, this asymmetry also manifests itself if the polarity remains unchanged while the layer is inverted upside down. Accord− ing to this feature, two orientations of the layer with respect to the coordinate system were taken into account. In the first orientation, the anchoring strength on the lower electrode, W 1 , was equal to 10 -4 Jm -2 and ensured practically rigid di− rector orientation while that on the upper electrode, W 2 , was equal to 10 -5 Jm -2 . In the second orientation of the layer, the anchoring strengths were interchanged: W 1 = 10 -5 Jm -2 and W 2 = 10 -4 Jm -2 . The voltage U was applied between the electrodes. The lower electrode was earthed. The model substance was characterised by the elastic constants, k 11 = 6.2´10 -12 N and k 33 = 8.6´10 -12 N. A negative dielectric ani− sotropy, De = -2 was adopted, and the value of e^was 5.4. The flexoelectric properties were expressed by the sum of flexoelectric coefficients e = e 11 + e 33 which was varied between -40 and 40 pC/m.
The transport of ions under the action of the electric field was determined by their mobility coefficients. Typical values for the mobilities of liquid crystals were adopted. The mobility of the positive ions was assumed to be far less than that of the negative ions [20] , m || -= 1.5´10 -9 , m || + = 1.5´10 -10 m 2 V -1 s -1 . Typical anisotropy of mobility, m m || ±± = 1.5, was adopted in both cases [21] . The Ein− stein relation was assumed for the diffusion constants:
where q denotes the absolute value of the ionic charge, k B is the Boltzmann constant and T is the absolute temperature. The weak electrolyte model was adopted where ion concentration was determined by the generation and recombination constants [22] . The recombi− nation constant a was equal to 4.93´10 -18 . This value was calculated using the formula [23] , which is characteristic to well−purified and contaminated liquid crys− talline material, respectively. Quasi−blocking electrodes were assumed, reflecting the fact that they are normally cov− ered with insulating aligning films. The refractive indices were n o = 1.520 and n e = 1.672 and the wavelength of l = 589 nm was adopted.
Method
The problem was considered as one−dimensional. The sys− tem was described by a set of ten equations [12, 13, 16] con− sisting of a torque equation for the bulk, two torque equa− tions for the boundaries, an electrostatic equation, two equa− tions of continuity of anions and cations fluxes in the bulk and four equations describing the boundary conditions for ion transfers across the electrode contacts. This set of equa− tions was solved numerically. The director configurations (described by the angle q(z) where z = z/d is the reduced co− ordinate), the electric potential distributions V(z) and the ion concentrations N ± ( ) z were calculated for various volt− ages and generation constants b 0 . The results allowed for the determination of the threshold voltages U T for the deforma− tions. The phase differences F between the ordinary and extraordinary rays passing through a layer placed between crossed polarisers for several voltages slightly exceeding the threshold values were calculated by means of the equation 
Results
Usually, the threshold voltage (or threshold magnetic field strength) for deformation of a liquid crystal layer is deter− mined experimentally by measuring the intensity of the monochromatic light transmitted through the layer placed between crossed polarisers [24, 25] . The intensity is mea− sured as a function of applied voltage. As the voltage is gradually varied, the intensity exhibits oscillations due to change in phase retardation. As a result, the phase differ− ence F between the ordinary and extraordinary waves pass− ing through the system can be calculated. In the case of the homeotropic layer, extrapolation of the F(U) function to F = 0 allows to determine the threshold voltage.
Threshold voltages
The experimental procedure sketched above was simulated numerically. The exemplary plots of the F(U) functions are presented in Fig. 1 for the flexoelectric nematic (curves 1 -4) and for the non−flexoelectric nematic (curves 5 and 6). In all cases, two different thresholds corresponding to two ori− entations of the layer are evident. The threshold correspond− ing to the orientation of the layer with stronger anchoring on the cathode, W 1 =10 -4 Jm -2 and W 2 =10 -5 Jm -2 , is denoted by U 1 . The other value U 2 is due to the layer for which the more rigid anchoring corresponds to the anode, W 2 =10 -4 Jm -2 and W 1 =10 -5 Jm -2 . The threshold voltages vary with the ion concentrations as exemplified in Fig. 2 for e = ±20 pC/m. The relationship between the thresholds correspond− ing to two orientations of the layer can be expressed by the ratio R = U 2 /U 1 . Figure 3 shows the dependencies of R on the ion concentration calculated for several values of e < 0. Analogous plot for e > 0 is shown in Fig. 4 . It is evident that U 2 can be larger or smaller than U 1 , depending on the ion content and on the flexoelectric parameter. In the case of negative e, there are some ranges of moderate ion concen− trations, N 0 = 3´10 18 -10 19 m -3 , for which R is significantly smaller than 1 whereas for higher ion content, the ratio R > 1 was found. For e > 0, the ratio R is smaller than 1 for any ion concentration. The discrepancy between U 1 and U 2 is the stronger, the larger is the flexoelectric coefficient |e|. It is important to notice that the ratio R is slightly different from 1 also for the non−flexoelectric nematic as shown in Fig. 4. 
Phase difference
The results described above can be analyzed in another way. Namely, the phase difference 
Discussion
Asymmetry of the nematic layer caused by the different anchoring strengths on the cathode and anode results in two different behaviours of the sample corresponding to two ori− entations of the layer with respect to the applied voltage or, equivalently, to two polarities of the voltage. The difference is manifested by two different threshold voltages U 1 and U 2 and by two different dependencies of the phase retardation F on the reduced voltage u. The latter effect can be used as a method of detection of the flexoelectric properties in ne− matic liquid crystals. Additional calculations allowed to determine the influ− ence of the nematic material parameters on the studied R(N 0 ) and F(u) functions. The discrepancy between U 1 and U 2 increases with magnitude of the flexoelectric coefficient, |e|. The ratio R = U 2 /U 1 was found to be slightly different from 1 also for the non−flexoelectric nematic, when the deformation has purely dielectric origin. This effect is cau− sed by the difference between mobilities of anions and cat− ions which leads to the non−uniform electric field distribu− tion. Average electric field strength in the vicinity of the cathode is larger than that in the neighbourhood of the anode [12] [13] [14] . Therefore, the bulk torque of dielectric nature which is proportional to the square of the electric field strength has different effectiveness for the two orienta− tions of the layer. This leads to R values which are slightly different from 1. The deviation of R from 1 depends on the thickness of the layer. In some ranges of concentration it is favoured by the thinner layers. The thresholds U 1 and U 2 as well as the difference between them increase when the dielectric anisotropy value, |De|, is smaller. On the other hand, for large dielectric anisotropy the ratio R tends to 1, since the influence of flexoelectricity loses its significance. The difference between the two thresholds decreases when the asymmetry of the layer is weaker. This effect occurs when the difference between W 1 and W 2 becomes smaller or when the difference between mobilities of anions and cations decreases.
The sensitivity of the proposed method of detection of flexoelectricity also depends on many parameters character− ising the nematic material. Obviously, the discrepancy between the two F(u) functions is enhanced in nematics possessing stronger flexoelectric properties because the torques of flexoelectric nature are then stronger and, there− fore, the asymmetry of the layer exerts the more pronounced effect. All the properties which enhance the asymmetry of the layer result in greater effectiveness of the proposed method. In particular, the difference in the anchoring strengths W 1 and W 2 should be large, which means that in practice the weak anchoring on one of the surfaces should be as weak as possible. The asymmetry of the layer is also due to the difference between mobilities of anions and cat− ions, since it leads to an asymmetrical distribution of the electric field strength. This is consistent with the findings of our earlier paper which revealed the importance of the rela− tive magnitude of the mobilities of positive and negative ions [26] . It was confirmed that the sensitivity of the method is lower when all the ions have similar values of mobility. The same effect is caused by a large magnitude of the dielectric anisotropy |De|. The torque of dielectric nature dominates within the sample and the contribution of the flexoelectric torques has smaller influence. The moderate ion concentrations allow for optimally asymmetrical electric field distribution, whereas too small and too large ion con− tents suppress this asymmetry. Therefore, the sensitivity of the method can be enhanced by suitable choice of the ion concentration which may be achieved by a controlled doping of the well purified nematic substance with suitable salts [27] .
To summarize, our simulations show that the flexoelec− tric properties can be detected if the phase difference F is measured as a function of the bias voltage U for two orienta− tions of the asymmetrical layer. Such measurement allows to determine the two threshold voltages and two functions F(u). A difference between the F(u) dependencies indicates that the nematic possesses flexoelectric properties. This approach seems to be more convenient and more accurate than the method proposed in our previous paper [18] .
